Target localization using a frequency diversity multiple-input multiple-output (MIMO) system is one of the hottest research directions in the radar society. In this paper, three-dimensional (3D) target localization is considered for two-dimensional MIMO radar with orthogonal frequency division multiplexing linear frequency modulated (OFDM-LFM) waveforms. To realize joint estimation for range and angle in azimuth and elevation, the range-angle-dependent beam pattern with high range resolution is produced by the OFDM-LFM waveform. Then, the 3D target localization proposal is presented and the corresponding closed-form expressions of Cramér-Rao bound (CRB) are derived. Furthermore, for mitigating the coupling of angle and range and further improving the estimation precision, a CRB optimization method is proposed. Different from the existing methods of FDA-based radar, the proposed method can provide higher range estimation because of multiple transmitted frequency bands. Numerical simulation results are provided to demonstrate the effectiveness of the proposed approach and its improved performance of target localization.
Introduction
In the last few years, frequency diversity technology applied to multiple-input multiple-output (MIMO) systems has become one of the most popular research directions in the radar society. MIMO radar with the emerging technology provides additional degrees of freedom (DOFs) in range domain and produces the range-angle-dependent beam pattern to suppress range ambiguous clutter and interferences, which can enhance the received signal-to-interference-plus-noise ratio (SINR) and improve moving target detection performance [1] [2] [3] [4] [5] [6] [7] .
In general, the existing MIMO radar with frequency diversity can be generally classified into two categories. The first type is MIMO radar with frequency diverse array (FDA). The radar referred to as FDA-MIMO radar employs a slight frequency increment across the elements so that the rangeangle-dependent beam pattern is achieved [5] . Range-angle dependency of the beam pattern allows the radar system to focus the transmit energy in a desired range-angle region [8] . The techniques of range-angle localization of targets by two pulses and subarray-based FDA radar are proposed in [9] and [10] , respectively. The unambiguous method for angle and range estimation with a priori range estimate is proposed and the corresponding range and angle Cramér-Rao bounds (CRBs) are derived in [6] . Additionally, the CRBs of direction, range, and velocity with FDA array are derived in [11] .
The second type is Frequency Diverse MIMO (FD-MIMO) radar. Unlike the FDA-MIMO radar, the frequency interval between the adjacent array is large enough for the MIMO radar so that the spectrums of transmitted signals are disjoint [12, 13] . As a result, the orthogonality of the transmitted signals is maintained and the waveform and frequency diversity can be achieved simultaneously. The phase difference of the received wave in each channel is determined by the array spatial structure, frequency increment, and the round-trip propagation time delay. The frequency increments across the subarrays add the frequency diversity information and the extra DOFs to the range bin containing the interested target in the receiver, which can acquire the range-angledependent beam pattern and some additional useful features. For example, the FD-MIMO radar can overcome grating lobe problem in distributed apertures MIMO systems [14] , provide improved detection performance [1] , and produce a larger virtual array aperture than the FDA [15] .
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Considering the useful advantages, three-dimensional (3D) target localization and its estimation performance are investigated for the FD-MIMO radar in this paper. For this purpose, the echo signal model of the MIMO radar with orthogonal frequency division multiplexing linear frequency modulated (OFDM-LFM) waveforms-termed OFDM-MIMO radar-is presented first. Following this, the estimation approach is proposed for 3D target localization of our OFDM-MIMO radar and the corresponding closed-form expressions for the CRB on target's 3D parameters estimation are derived. Varying from the existing FDA-based radar for target localization, our radar employs two-dimensional (2D) array and transmits OFDM-LFM waveforms. Furthermore, 3D target parameters including range and angles in azimuth and elevation are jointly estimated, unlike the 2D parameters estimated in [6, 9, 10, 16] . Moreover, since the range-angledependent beam pattern with high range resolution is produced by our OFDM-MIMO radar due to the OFDM-LFM waveforms with large adjacent frequency interval, the range estimation precision can be higher than one of the existing FDA radar. The main contributions of this paper are as follows.
(1) The OFDM-MIMO radar with two-dimensional (2D) phased array and OFDM-LFM waveforms are used to jointly estimate 3D target parameters including range and angles in azimuth and elevation, which is different from the existing FDA-MIMO radar for 2D target localization in [6, 9, 10, 16] . The proposed estimation approach for 3D target parameters utilizes the extra range bin DOFs associated with OFDM-LFM waveforms to estimate the range parameter. The extra DOFs improve the range resolution of the range-angledependent beam pattern. Furthermore, the proposed estimation approach avoids a priori range estimate information and range compensation required in [6] and can exploit larger virtual array apertures for angle estimation which is not achieved in [10] .
(2) The CRBs associated with 3D target parameters estimation are derived and the closed-form expressions of the CRBs are presented, which provides insight into the estimation performance of 3D target localization. Furthermore, a CRB optimization proposal based on frequency coding design is proposed, aiming to minimize the CRBs of the target's 3D parameters estimation.
The remainder of this paper is organized as follows. In Section 2, the echo signal model of the OFDM-MIMO radar is developed for 3D target localization. In Section 3, the estimation approach is presented for 3D target localization of our OFDM-MIMO radar. In Section 4, the closed-form expressions of the CRBs associated with 3D target parameters are derived and the CRBs are further optimized. Numerical examples are presented in Section 5. Finally, conclusions are given in Section 6.
Echo Signal Model of Our OFDM-MIMO Radar
As depicted in Figure 1 , the case of 2D transmit and receive arrays is considered, where the arrays are placed in the -plane of a three-dimensional coordinate system. The nonoverlapping subarrays considered in this paper are independent of each other, which can be steered in one or more directions with great agility. The elements are organized into = 푥 × 푦 uniform rectangular subarrays, where 푥 and 푦 represent the number of subarrays in each row and column, respectively. Furthermore, each subarray contains = 푥 × 푦 elements, where 푥 and 푦 represent the number of antennas in each row and column, respectively. The interspacing of the adjacent antenna elements at each row and column is represented by 푥 and 푦 , respectively. Consequently, our OFDM-MIMO radar contains subarrays. Furthermore, allow all elements in each subarray to transmit a coherent OFDM-LFM waveform and receive the echoes from the transmitted waveforms of subarrays. The kth transmit subarray OFDM-LFM waveform can be expressed as
where denotes the pulse width; represents chirp rate; = denotes the bandwidth; 푘 is the carrier frequency of the th transmitted waveform which is given by
where 푐 denotes the reference carrier frequency and Δ denotes the frequency interval between two adjacent transmitted waveforms. For convenience, the three-dimensional coordinate system is transformed into spherical coordinates with and , which denote the elevation and azimuth, respectively. Without loss of generality, the first element of the first subarray is taken as the reference point (origin of the coordinate system ). Then, the × 1 transmit steering vector of the th subarray can be expressed as
International Journal of Antennas and Propagation 3 where 푘 ( , ) = exp( 2 푘 푘 ); 푘 is the propagation time delay between the reference point (point ) and the first antenna of the th subarray; vec(⋅) represents the operator that stacks the column of a matrix in one column vector; and ⊗ stands for the Kronecker product. u( , ) ∈ 푃 ×1 and k( , ) ∈ 푃 ×1 are given by
where denotes the wave propagation speed. Furthermore, let a target be located at a specific far field with the angle ( , ) and range , where represents the distance between the reference point and the target. Under the point target assumption, the echo signals reflected by the hypothetical target and received at the reference point will have the following form [17] :
where is the target reflection coefficient and w 푘 denotes the × 1 transmit beamformer weight vector in the th subarray. It is worth noting that the transmit power of the th subarray is / , where is the total transmit power. Steering all the subarrays in the same spatial angle ( , ), the nonadaptive transmit beamformer weight vectors can be expressed as
where ‖ ⋅ ‖ denotes the 2 norms. Then, (5) can be rewritten as
where
푇 is the × 1 vector of the OFDM-LFM waveforms.
Proposed Estimation Approach for 3D Target Localization
3.1. Range Coarse Estimation. Three-dimensional target localization can be interpreted as computing the range, angles in azimuth, and elevation of a target in a given coordinate system. For this propose, matched filters are used in each element to separate echo signals from the linear combinations of the transmitted waveforms and then form the beam pattern with × separated echo signals to estimate the target's parameters. In this subsection, 3D target localization of our OFDM-MIMO radar is considered in this way.
The received echo of the element in th row and th column can be written as where
in th row and th column; the steering vector of received arrays b( , ) has the following form:
where 푏 = 푐 + ( − 1)/2. By matched filtering 푚,푛 , as shown in Figure 2 , the output signals can be arranged into the following × 1 data vector:
where 푚,푛,푘 is the output of the th channel which can be expressed as [18] 
where 耠 = − 2 / . In fact, the true range value (true time delay) can be represented as
where 푎 and Δ are the integral multiple and the fraction of the range resolution cell, respectively. The coarse range estimate value 푎 can be obtained with the range bin number and bin size using the matched filtering algorithms in the time domain based on (12) . The coarse estimation 푎 can be written as
where 푎 denotes the range bin index of the target. The fine range estimation Δ will be discussed in Section 3.2.
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3D Target Localization.
Digitally sampling the output signal in (12) and ignoring the reduction (less than 3 dB) in the outputs signal amplitude due to the sampling, (12) becomes
where = √ / √ . The steering vector with range dependence brought by the frequency diverse channels can be defined as
After an inspection of the expression above, one can observe that the phase of the received wave in each channel is different for the same propagation distance, which offer the extra range bin DOFs in the range domain. Utilizing the phase difference in each channel, we can estimate Δ accurately in range beam domain. Besides, by observing the vector R( ) carefully, we can find that it is a periodic function relative to , and furthermore the period is /(2Δ ). It is easy to verify that R( + /2Δ ) = R( ). In this work, the case of Δ = is employed. Therefore, we can reach the interesting result that shows the period associated with range is equal to range bin size; that is, it equals the range resolution ratio of each transmitted signal 푘 ( ). So, the range dependence compensation in [6] is not necessary for this paper. Based on (14) ,
Thus, Δ can be estimated directly from the beamforming output peaks in range beam domain. Our range estimation approach can be depicted as two steps: the coarse range estimation 푎 is obtained by the matched filtering algorithms in the time domain, and then the fine estimation Δ is obtained by phase differences [see also (16) ] among the frequency diversity channels in beam domain. Consequently, the true range estimate is given bŷ= 푎 + Δ̂. Next, we discuss the estimation method of ( , , Δ ). For clarity, (15) can be rewritten as
The term exp(− 2 푐 ⋅ 2 / ) is lumped into in (18) and does not appear in the following processing for reasons of simplicity. 푘 ( ) is the th element of vector R( ). Hence, (11) becomes
푇 and ∘ is the Hadamard product. Finally, the following virtual data vector can be formed:
where a( , , ) = A( , ) ∘ R(Δ ) is the equivalent transmit steering vector. One can observe that the vector a( , , ) is not only angle-dependent but also range-dependent. When rewriting the matrix b( , ) in one column vector,
Then, z can be rewritten in one column vector
Suppose that the target is observed in the background noise.
In that case, (22) can be rewritten as
where × 1 noise vector n is supposed to be circularly Gaussian distributed with zero mean and covariance C 푛 = 2 푛 I 퐾푃퐾 and I 퐾푃퐾 is the identity matrix of order . Here, the simplifying assumption is made where the signal and the noise are independent. Then we obtain the covariance matrix of z vec :
where [⋅] is the mathematical expectation; thus, we obtain the eigendecomposition:
where E 푠 and E 푛 are the signal-and noise-subspace matrices, respectively. The diagonal matrices Λ 푠 and Λ 푛 are the corresponding eigenvalues. The MUSIC cost function can be expressed as
Then the parameters with respect to ( , , Δ ) can be estimated by the peaks of (26):
3.3. Characteristics Analysis. The characteristics of the 3D target localization for our OFDM radar can be summarized as follows.
(1) Parameter identifiability capability: the maximum number of targets that can be uniquely identified is 2 − 1 which can be observed from (20) . (2) Resolution and measurement accuracy: our system can exploit the effect aperture of virtual array to obtain better angle estimation performance and use the extra range bin DOFs to achieve higher range estimation precision. (3) Computational complexity: the computational burden of the standard MUSIC is ( 2 ( + 2) + ( + 1)( − )) [19] , where is the number of sources, denotes the total sample points of spatial spectral over [− /2, /2], and is the dimensions of the source covariance matrix. Thus, the computational cost of our method is ( 
Performance Analysis of
Our FD-MIMO Radar
Derivation of the CRBs.
The CRB plays an extraordinary role in parameter estimation because it is usually used as a benchmark to assess unbiased estimators. To investigate the performance lower bound of our OFDM-MIMO radar, the CRB expressions for angle and range estimation are derived. The deterministic parameter vector of date model (23) is
where 푅 = Re{ }, 퐼 = Im{ }, Re{⋅}, and Im{⋅} are the real and imaginary parts, respectively. The corresponding Fisher information matrix (FIM) [20] for can be computed as
where 푛 = 2 I and is the number of snapshots. Three auxiliary vectors are defined as 휃 = ( )/ , 휑 = ( )/ , and 푟 = ( )/ . Subsequently, the auxiliary vectors are computed:
, and Α( , )/ = 3 ∘ Α( , ).
The following vectors are introduced:
Similarly, we can obtain the other auxiliary vectors:
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In the outcome, the closed-form CRBs for angle ( , ) and range are given by
The derivation of (34) is provided in the Appendix. It can be observed that the CRBs are relevant to the array aperture, subarrays arrangement, frequency increment, the angle of the target, and frequency coding sequence. After an inspection of the data model (20), we can make the following qualitative conclusions: (1) more subarrays mean better performance for elevation and azimuth angle estimation due to the improvement in the angular resolution (a larger aperture) and for range estimation owing to the higher range resolution. (2) As the frequency increment increases, more accurate range estimations can be achieved owing to larger equivalent bandwidth. (3) The elevation and azimuth angle estimation accuracy depends on the array aperture, and the range is mainly related to the frequency increment under the same SNR.
CRBs Optimization.
As the FDA with sequential frequency coding has range-angle coupling, the range and angle CRBs will be degraded when estimating the range and angle jointly [11] . In this paper, the range-angle is also coupled in the transmitter which can be observed via the equivalent transmit steering vectors a( , , ) [see also (20) ]. In fact, the nonlinear frequency increments can also be applied to FDA and different frequency shifts will result in different beam patterns, which provide an additional DOF to control the range-angledependence beamforming [4] . In other words, the nonsequenced frequency coding offers a way to alleviate the coupling of range and angle, and we can obtain improved parameters estimation precision by employing an appropriate frequency coding. To achieve better performance of parameters estimation, the CRBs for range and angle can be minimized by optimizing the frequency coding. The optimization problem can be modeled as
where C denotes all the permutations of integers ([0, 1, . . . , − 1]). The model of (35) can be solved using the genetic algorithm (GA); thus, we obtain the optimized frequency coding sequence 푘 = 푐 + kΔ .
Simulation and Verification
In this section, several simulations are conducted to verify the theoretical analysis and the effectiveness of the proposed OFDM-MIMO radar in terms of 3D target localization. Our OFDM-MIMO radar uses the following simulation parameters: 0 = 10 GHz, Δ = = 1 MHz, = 10 s, and 푥 = 푦 = /(2 max ), where max is the maximal transmit frequency and the number of snapshots = 100. Furthermore, we suppose a target of interest is located at direction ( , ) = (60 ∘ , 60 ∘ ) and range = 15.105 km unless otherwise is specified.
3D Target Localization and Influence of Gain-Phase Errors of Arrays.
We validate the performance of target localization with our OFDM-MIMO radar in this section. We have 푎 = 100 due to = 15.105 km; that is, the target is located in the 100th range bin and Δ = 105 m. Consider = 푥 × 푦 = 2 × 2 and = 푥 × 푦 = 2 × 4. Figures 3, 4 , and 5 show the root mean square errors (RMSEs) of angle and range versus SNR, respectively, which is obtained by 500 Monte Carlo simulation runs. It is noted from Figures 3, 4 , and 5 that the range estimating accuracy is much higher than the range resolution (150 m); therefore the proposed mothed can provide the superresolution in range due to the additional DOFs in range. Besides, the accuracy can be improved further with the increase of SNR in our system while this cannot be realized in phased array radar since the range resolution is determined by the bandwidth of the transmitted signal. Moreover, the proposed OFDM-MIMO radar gives a satisfactory estimation performance for the angle and range, and the RMSEs of the angle and range can achieve the theoretical CRB when the SNR is higher than −10 dB. In order to analyze the influence of gain-phase error from transmit and receive antennas on target localization, we consider the case in which the gain-phase error exists in each antenna. Besides, the gain and phase errors are supposed to be Gaussian distributed random variables with zero mean and standard deviations 푎 and 푝 , respectively. become larger as the phase errors further increase. However, the estimation precision is acceptable. In fact, the array model uncertainties are usually small. Therefore, our method has good robustness against the gain-phase errors of arrays.
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Performance Comparison in Target Localization.
In this section, our aim is to demonstrate the advantages of our OFDM-MIMO radar as compared to the MIMO-FDA radar [9] and the subarray-based FDA radar [10] in terms of CRBs for angle and range. It is worth noting that the comparison is under the uniform linear array (ULA) due to the literature [9, 10] using the ULA. We assume a target of interest is located at direction = 10 ∘ and range = 15.105 km. To be fair, consider a uniform linear array of = 20 antenna element for transmit and receive side, and the whole transmit array is divided into = 2 subarrays. It is worth highlighting that fully overlapped subarrays are employed in the MIMO-FDA radar. Besides, the frequency increment Δ = /( − ) = 0.0556 MHz is adopted for the MIMO-FDA radar and Δ 2 = −Δ 1 are selected for subarray-based FDA radar, where Δ 1 = 0.0556 MHz. Consider the target localization of the method in [9] which is based on a double-pulse; thus the CRBs of the other two radars are obtained based on two snapshots. Figures 8 and 9 show the CRBs of three radars versus SNR. We can see that the angle CRBs of OFDM-MIMO and MIMO-FDA radar are approximately equivalent and better than subarray-based FDA radar, which can be attributed to the number of subarrays with unique waveforms at the transmitter and extended data vector at the receiver. Besides, OFDM-MIMO radar has lower range CRB as compared to the other two radars. The superiority of proposed OFDM-MIMO radar in range estimation can be attributed to the larger frequency increment. the CRBs in different conditions. For the sake of brevity, we did not show the CRBs for azimuth angle expect for experiments 1 and 5 since the characteristic of azimuth angle is similar to elevation angle.
Impacts on
Experiment 1: Comparison of CRBs with the Number of
Subarrays. Consider 푦 = 1; therefore = 푥 , and the SNR is fixed at 0 dB. The CRBs of angle and range versus the number of subarrays are plotted in Figures 10 and 11 , respectively. It can be seen from Figures 10 and 11 that the CRBs decrease as the number of subarrays increases; in other words, more subarrays mean better performance, and this coincides with the qualitative conclusion (1) in Section 4. the improvement of CRBs performance is not evident if the number of the subarrays further increases. Figures 12 and 13 show the subarrays vary from 3 subarrays with 27 elements each in the first case to 81 subarrays with 1 element each in the last case. Since the virtual array of the system is larger with the increasing of the number of subarrays, the CRBs performance for angle is improved. Similarly, since the equivalent bandwidth of the echo is wider with the increasing of the number of subarrays, the CRB for range is lower. It is can be concluded from Figures 12 and 13 that the larger the number of the subarrays is divided the better estimation performance can be achieved. However, the computation complexity is higher at the same time. 
Experiment 2: Comparison of CRBs with Different Subarrays Partition under the Same SNR.
Experiment 3: Comparison of CRBs with Subarrays Partition under the Identical Total Transmitted Power.
Assume that the subarray partition is similar to experiment 2, without loss of generality, we set the noise power 2 푛 = 1 and = 1. Figures 14 and 15 depict the CRBs of angle and range versus the SNR (i.e., total transmitted power) for different number of subarrays, respectively. Figure 14 illustrates that the CRB for angle is approximately equivalent to the increase of the number of subarrays which is different from experiment 2. Although more subarrays result in the increase of the virtual aperture, it means small coherent processing gain since the system makes a tradeoff between the effective aperture of virtual array and coherent gain. It can be observed from Figure 15 that the CRB performance for range is better as the number of subarrays is larger since the equivalent bandwidth becomes wider.
Experiment 4: Comparison of CRBs with the Frequency
Interval. In this experiment, the frequency interval varies from 1B to 2B. Figures 16 and 17 show the CRBs of angle and range versus the SNR with different frequency interval, respectively. It is shown that the CRBs of the range decrease as the frequency interval increases since the system equivalent bandwidths become wider, which verified the correctness of the qualitative conclusions (2) in Section 4.1, while the CRBs for the angle are approximately equivalent as the effective array aperture has not increased with the change of frequency interval. 
Experiment 5: Comparison of CRBs with the Angle and
Range. The elevation angle of the target is set as 0.001 ∘ , 1 ∘ , and 90 ∘ , respectively. Figures 18 and 19 illustrate the CRBs of azimuth angle and range versus the azimuth angle, respectively. It can be observed from Figure 18 that it has no significant difference as azimuth angle varies. Besides, when the elevation angle is close to 0 ∘ , the CRB increase rapidly, because the received target echo impinges on the array vertically; thus the array has no resolution capability in azimuth. the variation of azimuth angle. When the elevation angle approaches 90 ∘ , the CRB is increasing dramatically, because the echo impinges parallel to the array; thus the array has no resolution capability in elevation. As we can see from Figures 19 and 21 , the CRB for range is unaffected whether the azimuth angle varies from 0 ∘ to 360 ∘ or the elevation angle varies from 0 ∘ to 90 ∘ .
Experiment 6: Comparison of CRBs with the
Frequency Coding Sequence. In this experiment, four permutations of 7 integers are generated randomly, 2 4 1 0 5 3 6] is adopted. The absolute value of the coupling between elevation angle and range is shown in Figure 24 . It is seen that the effect of the coupling between elevation angel and range is mitigated obviously after the frequency coding optimization. Thus the CRBs for angle and range reduced evidently which can be observed from Figures 25 and 26 , respectively.
Conclusion
In this paper, a 3D target localization method is presented for the proposed OFDM-MIMO radar, and the superresolution performance in range is achieved by utilizing the additional DOFs in range. Moreover, the corresponding CRBs for the joint range and angle are derived and a CRB optimum proposal based on frequency coding is proposed; it is worth noting that the criterion of (35) can be also used to optimize subarray partition so as to improve CRB performance. Additionally, the superior performance in range domain of the proposed system and approach are verified by extensive simulation results. Potential future work includes optimization of subarray segmentation to minimize the CRB for range and angle estimation, and adaptive beamforming in both angle and range with better interference suppression capability; thus the detection performance of target will be improved by employing the proposed system. We believe that applying the technology of frequency diversity to MIMO is a promising For the sake of brevity, we sign = ( ). Thus, the FIM can be derived as 
